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Abstract. Rafting and pressure ridging are important processes in the deformation of sea
ice that occur when two ice sheets are pushed together. In this study a two-dimensional
computer model of the rafting and ridging process is used to simulate a situation in which
two identical ice sheets are pushed together at constant speed. Each model ice sheet is
composed of two thicknesses of ice. The ratio of the thicknesses is varied to obtain
degrees of inhomogeneity. The accuracy of the simulations is assessed by comparison with
a series of similar physical experiments performed in a refrigerated basin. Following this
comparison, the computer model is used to perform an extensive series of simulations to
explore the effect of the thickness and the thickness inhomogeneity of the model ice
sheets on the likelihood of occurrence of ridging and rafting. During the simulations the
energy consumption and forces are explicitly calculated. The energy consumed during the
simulations is used to demonstrate the smooth transition between ridging and rafting that
occurs when the homogeneity of the sheets is varied.

1. Introduction

The mechanical deformation of the ice cover in northern
seas takes place through pressure ridging and rafting. Pressure
ridges are the piles of ice rubble that criss-cross the ice pack.
Ridges are created by the flexural failure of opposing ice sheets
and subsequent piling of the ice blocks created by the flexural
failure on top of and beneath the two sheets. Rafting is the
simple overriding of one sheet by another sheet, resulting in a
local doubling of ice thickness [Parmerter, 1975]. The study of
the energetics and mechanics of the ridging and rafting pro-
cesses is important because the energy expended in deforma-
tion determines the large-scale strength of the ice pack and
because the strength and thickness of pressure ridges and
rafted ice are important in the design and operation of arctic
vessels and offshore structures.

Numerical modeling of pressure ridging began with the ki-
nematic model of Parmerter and Coon [1972]. A dynamic
model of the ridging process was developed by Hopkins et al.
[1991]. This model, based on a two-dimensional particle sim-
ulation, considered the compression of a rubble-filled lead
between multiyear floes. Hopkins [1994] developed another
dynamic model of pressure ridge formation, in which an intact
sheet of thin lead ice was pushed at constant speed against a
thick multiyear floe. The thin sheet, breaking repeatedly in
flexure, created the rubble blocks that form the ridge sail and
keel. This study demonstrated the importance of friction as a
dissipative mechanism and, less obviously, in controlling the
relative volumes of the ridge sail and keel. This work was
extended by Hopkins [1998] to look at the evolution of the
ridge profile, ridge-building forces, and energetics as a function
of lead ice thickness and the amount of lead ice pushed into
the ridge. The current work extends these studies by consider-

ing ridging between identical sheets. Since both Hopkins [1994]
and Hopkins [1998] were studies of pressure ridging, rafting
events, which occurred in a small percentage of the simula-
tions, were not reported. The low frequency of rafting events in
these simulations was due to the large difference between the
thicknesses of the lead ice sheet and multiyear floe.

Rafting has not received as much attention in the literature
as pressure ridging. Perhaps this is because ridge keels are a
greater concern for engineers or perhaps because, unlike ridg-
ing, it is trivial to calculate rafting forces, given an estimate of
the coefficient of friction between the sheets. The difficult
challenge is to determine under what conditions rafting should
occur and not ridging. Weeks and Kovacs [1970], who show
many examples of ridged and rafted ice, postulate a gradual
transition between ridging and rafting processes which de-
pends on the thickness of the sheets. The examples of rafting
that they cite seem to occur between sheets of similar thick-
ness. An analytical model of the initiation of rafting was de-
veloped by Parmerter [1975]. On the basis of the geometry of
the opposing ends of the two ice sheets, he calculated the force
required to initiate rafting. He compared the bending stress
with the ice strength to determine whether rafting or breaking
would occur. He found that the likelihood of rafting decreased
with increasing modulus and thickness. However, dynamic ef-
fects at the leading edge of the sheets can create conditions under
which similar sheets of any thickness can raft. First, when two ice
sheets are pushed together, the geometry of the ends of the sheets
can be changed by abrasion and crushing. Second, rubble created
between the sheets can lift one sheet above the other. To put the
argument another way, two ice sheets do not have just one chance
to raft: they can continue to butt together, breaking and abrading,
until conditions are right for rafting.

Rafting begins when one sheet overrides the other and
progresses until the frictional force between the sheets, which
increases linearly with the amount of overlap, arrests motion or
causes buckling. The frictional force that resists the advance of
the sheets is proportional to the product of the difference
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between the unit weight and buoyancy of either sheet and the
length of the overlap between the sheets. In simulations of
ridging between relatively thin first-year ice and a multiyear
floe, the lead ice overrode the floe [Hopkins, 1994, 1998].
Because of the great buoyancy of the floe the lead ice sheet was
lifted from the water, the rafting force rose rapidly, and, con-
sequently, the sheets were unable to progress more than 10 or
20 m. In addition, the large degree of curvature required of the
lead ice sheet in mounting the floe facilitated buckling, which
also helped to terminate the rafting event. In contrast, in raft-
ing between sheets of roughly equal thickness, the unit buoy-
ancy of the submerged ice sheet is much less and curvature is
less. Therefore the rafting force increases more slowly, and
rafting progresses much farther. Weeks and Anderson [1958]
describe a rafting episode 600 m in length.

In this study we consider rafting and ridging between two
identical sheets. We began by trying to simulate ridging be-
tween identical sheets of uniform thickness. It quickly became
apparent that rafting was the preferred mode between uniform
sheets. Even simulations with rather thick sheets (0.5–0.9 m),
which began by creating rubble, tended to raft as one sheet was
lifted by the rubble. Concurrent ice basin model tests by Tuh-
kuri and Lensu [1998], in which two identical ice sheets were
pushed together, also showed that uniform ice sheets tend to raft.
Our attention moved to thickness inhomogeneity as the factor
that determines the relative likelihood of ridging and rafting be-
tween identical ice sheets. In this study we push together two
identical model ice sheets each composed of two thicknesses, as
shown in Figure 1. In nature an ice sheet composed of two thick-
nesses might be created from the breaking, dilating, and refreez-
ing of a uniform sheet. Two pressure ridges formed from com-
posite ice sheets of this type were studied during a recent field
experiment in the Gulf of Bothnia [Lensu et al., 1998].

We obtained degrees of inhomogeneity by varying the two
thicknesses of ice in the sheet. We use the ratio obtained by
dividing the thickness of the thinner ice by the thickness of the
thicker ice to describe the inhomogeneity of the ice sheet. In
the simulations we varied the ratio between 2/8 (highly inho-
mogeneous ice) and 8/8 (homogeneous ice). By decreasing the
ratio of the thickness of the thinner ice to the thicker ice in
simulations, it was possible to obtain the consistent rubble
formation necessary for ridging. In the region between highly
inhomogeneous ice (2/8) and homogeneous ice (8/8), where
the probable occurrence of ridging or rafting is variable, we
identify smoothly varying transitional behavior.

2. Dynamic Computer Model
of Ridging and Rafting

The ridging/rafting model is based on a computer program
that simulates the dynamics of a system of discrete, two-

dimensional ice blocks. The position, orientation, velocity, and
shape of each block are stored in arrays. At each time step the
contact and body forces on each block are calculated, and the
blocks are moved to new locations with new velocities that
depend on the resultant of the forces. The simulations begin
with the collision of two floating model ice sheets pushed
together at a constant speed. Blocks are broken from the
sheets through flexural failure (including buckling) at points
where tensile stress exceeds strength. The blocks of rubble
broken from the sheets may undergo secondary flexural break-
age. The forces at contacts between rubble blocks and between
rubble blocks and the sheets have inelastic and frictional com-
ponents. Buoyancy of the model ice sheets and rubble blocks
and water drag are also modeled. The mechanical details of the
model, which are largely the same as from Hopkins [1994], are
summarized here.

The model ice sheets are composed of single rows of rect-
angular blocks that are attached to neighboring blocks by vis-
cous-elastic joints. The discretization of the sheet and rubble
blocks is shown in Figure 1. The boundary conditions on the
sheets, in the form of global damping, are discussed by Hopkins
[1994]. Relative displacements between adjacent component
blocks create forces and moments, internal to the sheet and
rubble blocks. The internal forces on the component blocks are
added to external forces exerted by the surrounding ice rubble,
gravity, and buoyancy. When the tensile stress in a joint at
either surface of a sheet or rubble block exceeds the specified
strength, a crack is initiated. The crack propagates at constant
speed (10 m s21) across the joint, requiring many time steps Dt
O(1024 s) for completion. The block created by the fracture
becomes part of the rubble and is added to the ridge structure.
While the cracks must occur at joints, the length of the rubble
blocks is variable since they may contain any number of com-
ponent blocks.

Because of the two dimensionality of the model ice sheets,
there is little continuity across a crack between two blocks. A
real ice sheet is able to maintain continuity, in spite of the
presence of flexural cracks, as long as the curvature is small.
This is probably due to the nonuniformity of the surface of the
crack. To introduce similar continuity into the two-dimen-
sional ice sheet model, a shallow socket was created at broken
joints. The depth of the socket used in the simulations was 15%
of the ice sheet thickness at the joint. A socket is shown at A
in Figure 1. As long as the joint remains under compression,
the two blocks remain together, but when the compression is
removed, the blocks are free to separate.

Contact forces between rubble blocks and between rubble
and sheet use a force model that supports no tensile force. Two
blocks are defined to be in contact if the polygons defining
their shapes intersect. The intersection is interpreted as a de-
formation of the blocks resulting in a contact force. The con-
tact force has components normal n and tangential t to a
contact surface connecting the intersection points. The force
acts at the centroid of the area of intersection. The normal
component of the contact force is

Fn
n 5 2knAn 2 hV1/ 2 ? n (1)

The subscript n denotes the normal direction, the superscript
n denotes the current time step, kn is the normal contact
stiffness, An is the area of intersection of the blocks, h is the
normal contact viscosity, and V1/2 is the relative velocity of
block 1 with respect to block 2 at the point of contact. A value
of h near critical damping is used to produce highly inelastic

Figure 1. Showing the discretization of the computer model
ice sheets into uniform rectangular blocks.
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behavior. Tensile forces are not modeled. The incremental
change in the tangential force due to friction is proportional to
the relative tangential velocity. The tangential force at time n
is

Ft
n 5 Ft

n21 2 ktDtV1/ 2 ? t (2)

where Dt is the time step and kt is the tangential contact
stiffness that is set to 60% of kn. If the tangential force Ft

exceeds the Coulomb limit, mFn, where m is the friction coef-
ficient, it is scaled such that Ft 5 mFn. The moments on each
floe are calculated from the forces and moment arms. A simple
water drag and a buoyant force on each block are also calcu-
lated. After the sums of the forces and moments exerted on
each block have been calculated, the equations of motion are
solved using simple central difference approximations and time
advanced.

The ridging or rafting force is the sum of the horizontal
forces opposing the motion of each sheet. A force sufficient to
push the sheets at a constant speed is assumed to be available.
The work done by the moving sheets, the change in the kinetic
and potential energy of the blocks, and the energy dissipated
by inelastic and frictional contacts and water drag are calcu-
lated at each time step. Inelastic and frictional dissipations are
determined by computing the work performed by the normal
and tangential components of each contact force. These cal-
culations are described by Hopkins [1994]. The energy balance
is used to gauge the numerical accuracy of the simulation. In
the simulations described in sections 3 and 4, the error in the
energy balance was ,1%.

3. Comparisons Between Simulations
and Basin Experiments

A series of physical experiments, three-dimensional versions
of the two-dimensional discrete element simulations, were per-
formed in the 40 3 40 m square ice basin at the Ship Labora-
tory of the Helsinki University of Technology. A uniform sheet
of model ice was grown over the entire basin. Three rectangu-
lar samples 6 m wide and 26 m long were created in the ice

cover. Slots were cut along the 26 m long edges and across the
center of each sample, dividing it into two sheets. The ice at
one end was left attached to the parent sheet. During the
experiments the two sheets were confined on three sides by the
parent ice sheet and on the fourth side by a vertical pusher
plate attached through load cells to a movable carriage. In the
experiments the pusher plate moved about 12 m at a constant
speed. The force on the pusher plate was measured at 12 Hz.

The experiments using uniform ice sheets invariably resulted
in the occurrence of simple rafting, where one sheet overrides
the other along a linear front for the duration of the test
[Tuhkuri and Lensu, 1998]. To create ridges, it was necessary to
use inhomogeneous ice sheets. A simple nonuniform sheet was
constructed by cutting the ice sheet in each sample into 500
mm square floes and mixing them. Since none of the floes were
discarded prior to mixing, some rafting necessarily occurred
during the mixing process. After mixing the floes, the ice sheet
was refrozen by spraying a second layer of ice over the broken
ice field. The experimental ice field is shown in Figure 2. The
final thickness of the ice sheet, which is the same as the average
thickness ^h& , was the sum of the thickness of the initial ice
sheet and the second layer added during refreezing. Since the
amount of rafted ice was relatively small, the sheet essentially
consisted of two thicknesses; thick ice h1 equal to the average
thickness and thin ice h2 equal to the thickness of the second
layer added during refreezing.

Seventeen experiments were performed using nonuniform
ice sheets. Ridging occurred in all of the experiments except
one. Typically, part of the 6 m wide moving sheet dove under
the stationary sheet, while the remainder overrode the station-
ary sheet. As the tests progressed, the deformation zones at the
leading edges of the overriding sheets assumed a sinusoidal
appearance. The serpentine shape can be seen in Figure 2. The
light color of the band of ice surrounding the ridge line is
caused by the presence of the underwater ridge keel. Following
each experiment, several cross-sectional cuts were made
through the ridge to measure the keels. The one experiment
that resulted in simple rafting was used to determine the co-
efficient of sliding friction of the composite sheet.

Figure 2. Snapshot of a ridging experiment in the ice basin at the Helsinki University of Technology.
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Eight simulations were performed using the computer
model described above. Ridging occurred in all eight simula-
tions. The material parameters used in the simulations were
the same as in Table 1. The model ice sheets used in the
simulations were 70% 75 mm thickness and 30% 47 mm thick-
ness for an average thickness of 67 mm. The sections of thin ice
were randomly distributed throughout the sheet. The speed of
the sheets was constant. The rate of convergence of the ice
sheets was increased to 50 mm s21 to reduce computational
time. Simulations at lower speeds showed no systematic veloc-
ity related effects. The normal contact stiffness for rubble
contacts kn was 1 MPa. The tangential stiffness coefficient kt

was 60% of the normal value. The normal viscosity coefficient
h was set to 50% of the critical damping value 2(kn^h&r i)

1/ 2 to
produce highly inelastic behavior in collisional contacts. A
random variation (65%) in the elastic modulus at each joint in
the ice sheet was used to create unique outcomes in simula-
tions using the same initial configuration of the ice sheet and
the same set of parameters. This small variation was sufficient
to cause the simulations to diverge noticeably by the time
several blocks had been broken from the parent sheets. This
does not imply extreme sensitivity to the elastic modulus but,
rather, the chaotic nature of the process.

The rafting force Fr is the force acting in the horizontal

plane to push the sheets together and is primarily a result of
the frictional contact at the interface between the two sheets.
The frictional component of Fr depends on the upward acting
net buoyancy of the bottom sheet and the coefficient of sliding
friction m between the sheets. The rafting force increases lin-
early in proportion to the relative displacement D of the
sheets. The rafting force also has a constant component F0 that
is due to the curvature of the sheets, which is greatest in the
vicinity of the leading edge of the top sheet, and to the tearing
of the sheets at the node between the fingers in the basin
experiments. The equation for the rafting force (per meter of
width) is

Fr 5 F0 1 m~rw 2 r i! g^h&D (3)

where g is the acceleration of gravity and ^h& is the mean ice
thickness. The friction coefficient m in Table 1 was obtained by
fitting (3) to a plot of force versus displacement in the one
physical experiment that rafted. The rafting work Wr, obtained
by integrating (3), is

Wr 5 F0D 1
1
2
m~rw 2 r i! g^h&D2 (4)

The forces calculated during the entire group of eight sim-
ulations, averaged over 1 s intervals, are shown in Figure 3.
The corresponding rafting force from (3), using the parameter
values listed in Table 1, is shown by a dashed straight line. The
rafting force tightly bounds the simulation results over the
tested range of deformation, in spite of the fact that all eight
simulations ridged. Typical force/displacement curves from a
single simulation and a single experiment are shown in Figure
4. The simulation force record in Figure 4 is characterized by
several episodes in which the force rises to near the rafting
level, remains for a short while, and then drops precipitously.
These extreme oscillations, found in all eight simulations, are
caused by the two dimensionality of the computer model. This
is because after the leading end of the sheet fails either by
buckling or bending, the remainder of the sheet is completely
unloaded and the force drops to zero. In contrast, the graph of

Figure 3. Instantaneous force data from eight simulations.
The dashed line is the rafting force given by (3).

Figure 4. Force versus displacement from a typical simula-
tion and a typical experiment. The dashed line is the rafting
force given by (3).

Table 1. Parameters Used in the Physical Experiments

Parameter Value

^h& (average ice thickness) 68 mm
h1 (thickness of thick ice) 68 mm
h2 (thickness of thin ice) 24 mm
ice sheet speed 10 mm s21

floe size 500 3 500 mm
E (modulus) 60 MPa
s f (downward breaking) 46 kPa
s f (upward breaking) 38 kPa
r i (ice density) 930 kg m23

rw (water density) 1000 kg m23

m (sliding friction) 0.41
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the force from the physical experiment displays small oscilla-
tions that reflect the many small, nonsimultaneous failure
events taking place at the leading edge of the 6 m wide (about
nine characteristic lengths) sheets. For this reason, the com-
plete unloading observed in the simulation graph, characteris-
tic of the two-dimensional model, is not a general feature of
the force graphs from the three-dimensional physical experi-
ments. A second feature that tended to minimize large force
oscillations in the physical experiments is the way in which the
inhomogeneous sheets were constructed. The sheets were cut
into 500 mm square pieces that were mixed up and refrozen.
By mixing the square pieces, the joints of thin ice between the
square pieces were staggered rather than running across the
sheet. This method of construction strengthens the sheet and,
while it is certainly more realistic in terms of what one would
expect to find in the field, weakens the direct comparison with
the two-dimensional simulations. In a two-dimensional model
sheet, which by definition is uniform in the third dimension,
the joints of thin ice run straight across the entire sheet.

The graphs of the average force from four representative
physical experiments and the simulations are shown in Figure
5. The one experiment that rafted is not included. The straight
dashed line in Figure 5 is the rafting force (3) with the param-
eter values listed in Table 1. The average force from the sim-
ulations is approximately one-half the level measured in the
physical experiments. The rafting force (3) remains the upper
limit on the ridging forces. Although there is a significant
quantitative difference in the average force levels, we believe
that the correspondence between the simulation and experi-
mental results is sufficiently close to justify using the computer
model to study the qualitative effect of ice thickness inhomo-
geneity on the ridging/rafting process.

4. A Parameter Study Using Simulations
The main parameters that determine the likelihood of raft-

ing and ridging appear to be the elastic modulus and the

thickness identified by Parmerter [1975] and thickness inhomo-
geneity introduced here. Inhomogeneity is modeled in the sim-
ulations by defining a standard ice sheet composed of two
thicknesses having 70% thicker ice h1 and 30% thinner ice h2.
The average ice thickness ^h& equals 0.7h1 1 0.3h2. The
thinner ice was randomly distributed along the sheet. This is
meant to suggest a scenario in nature in which an ice sheet is
broken, dilated, and refrozen. To determine the effect of ice
thickness inhomogeneity on the ridging/rafting process, we
performed simulations with the computer model for five values
of the major ice thickness h1 and seven values of the ratio of
the minor to major ice thickness h2/h1. Seven simulations were
performed with each pair of thicknesses. The parameters used
in the simulations are listed in Table 2.

In each simulation the total relative displacement of the
opposing ice sheets was 15 characteristic lengths. The charac-
teristic length of the composite ice sheets Lc, from the theory
of beams on an elastic foundation [Hetenyi, 1946], was defined
in terms of the average ice thickness ^h& as

Lc 5
4ÎE^h&3

12rwg
(5)

The range of average thicknesses ^h& and characteristic
lengths Lc for the various major thicknesses h1 and ratios
h2/h1 used in the simulations are compared in Table 3. The
15Lc column shows the total relative displacement of the ice
sheets in simulations with the indicated pair of ice thicknesses.

Simulations using homogeneous sheets (h1 5 h2 5 ^h&)
had a high probability of rafting. When the thickness ratio
h2/h1 was reduced, increasing the nonuniformity of the sheet,
the probability of rafting decreased and the probability of
ridging increased. A snapshot from a simulation that rafted,
with a thickness ratio of 8/8, is shown in Figure 6. A snapshot
from a simulation that ridged, with a thickness ratio of 3/8, is
shown in Figure 7. In the region between uniform ice (8/8) and
highly nonuniform ice (2/8), where the probable occurrence of
ridging or rafting was variable, the outcome of a simulation
might be a combination of the two. A snapshot showing a
combination of ridging and rafting, from a simulation with a
thickness ratio of 6/8, is shown in Figure 8. Transitional be-
havior is evident in the forces and energy consumption mea-
sured in the simulations.

In the following figures the relative displacement D was
nondimensionalized by the characteristic length Lc, and the
force F and the work W were nondimensionalized by the
dominant components of the rafting force (3) and the rafting
work (4) at a displacement of D 5 15Lc as

Figure 5. Comparison between the average force from four
experiments and the average force from eight simulations. The
dashed line is the rafting force given by (3).

Table 2. Parameters Used in the Simulations

Parameter Value

h1 (major thickness) 0.1, 0.3, 0.5, 0.7, 0.9 m
h2/h1 (thickness ratio) 2/8 to 8/8
us (combined ice speed) 0.1 m s21

W (sheet block width) 1/5 of characteristic length Lc
E modulus 3 GPa
n (Poisson’s ratio) 0.3
Tensile strength (ice top) 750 kPa
Tensile strength (ice bottom) 350 kPa
r i (ice density) 920 kg m23

rw (water density) 1010 kg m23

m (friction coefficient) 0.4
kn (normal contact stiffness) 108 N m23
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D* 5 D/Lc

F* 5 F/@m~rw 2 r i! g^h&~15Lc!# (6)

W* 5 W/@1
2
m~rw 2 r i! g^h&~15Lc!

2#

The effectiveness of the nondimensionalization is demon-
strated in Figure 9, in which the nondimensional work versus
displacement graphs for five major ice thicknesses essentially
collapse to a single graph.

Force versus displacement graphs from simulations using h1 5
0.3 m and ratios from 2/8 to 8/8 are shown in Figure 10. Each
graph is the average of the results of seven simulations. Each
graph was smoothed using a low pass filter. Although Figure 10
is cluttered, it is clear that the forces increase with the thick-
ness ratio h2/h1. The graph for the thickness ratio of 8/8
closely approximates the nondimensional rafting force, which
increases linearly with displacement. The other graphs that fill
in the area below the rafting force are from simulations in
which progressively greater amounts of ridging occurred. The
forces tend to increase with the thickness ratio because (1) the
probability of rafting increases and (2) rafting forces are higher
than ridging forces.

Work versus displacement graphs from the same series of
simulations are shown in Figure 11. The graphs were obtained
by integrating the average forces in Figure 10. The work in-
creases with the thickness ratio for the same reasons given
above. The smooth increase in the work versus displacement
graphs with increasing thickness ratio shows that the transition
from ridging to rafting is quite seamless. Graphs of work versus

displacement for the other four major ice thicknesses appear
quite similar. Rather than present four graphs we show in-
stead, in Figure 12, a contour plot of W* at D* 5 15 for each
major thickness and thickness ratio. Each value of W* is an
average of seven simulations. Lower values of W* denote a
high probability of ridging, and higher values denote a high
probability of rafting. Figure 12 shows that ridging tends to
occur in thicker and more inhomogeneous ice sheets, while
rafting tends to occur in thinner and more homogeneous
sheets. Figure 12 also shows that while thin, fairly homoge-
neous sheets always raft, thick, homogeneous sheets are also
quite likely to raft. However, as was mentioned above, rafting
of thick sheets may be preceded by a period of rubbling before
conditions are right for rafting.

The ratio of work to potential energy is an important vari-
able in large-scale sea ice models [Flato and Hibler, 1995],
where it is used to parametrize total energy losses in terms of
the change in potential energy due to deformation. The ratio
of work to potential energy as a function of the major thickness
and thickness ratio (for D* 5 15) is shown in Figure 13. The
data points are averages of seven simulations with each pair of
thicknesses. The ratio of work to potential energy found by
Hopkins [1998] for ridging between first-year ice and a multi-
year floe ranged from 9 to 14 for D* 5 15. The very high
values of W/DPE shown in Figure 13 for the larger thickness
ratios reflect a high proportion of rafting events. Rafting events
have much higher ratios of work to potential energy because
rafting requires more work and results in a very small increase
in potential energy.

Figure 6. Scene from a simulation showing rafted sheets with major thickness h1 5 0.3 m and a thickness
ratio of 8/8.

Table 3. Average Ice Thicknesses and Characteristic Lengths for Various Thicknesses
and Thickness Ratios

h1,
m

^h& (8/8),
m

^h& (2/8),
m

Lc (8/8),
m

Lc (2/8),
m

15 Lc (8/8),
m

0.1 0.1 0.08 2.24 1.85 33.6
0.3 0.3 0.23 5.11 4.22 76.6
0.5 0.5 0.39 7.49 6.19 112.4
0.7 0.7 0.54 9.65 7.97 144.7
0.9 0.9 0.70 11.65 9.68 174.7
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Figure 7. Scene from a simulation showing ridged ice with major thickness h1 5 0.3 m and a thickness ratio
of 3/8.

Figure 8. Scene from a simulation showing transitional behavior, which is a combination of ridged ice and
rafted ice, with major thickness h1 5 0.3 m and a thickness ratio of 6/8.

Figure 9. Nondimensional work versus nondimensional dis-
placement from simulations in which the major thickness h1 is
varied while the thickness ratio is held constant.

Figure 10. Nondimensional force versus nondimensional
displacement from simulations in which the major thickness h1
is held constant while the thickness ratio is varied from 2/8 to
8/8.
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5. Conclusions
In this study a two-dimensional computer model of the raft-

ing and ridging process was developed and used to simulate a
situation in which two identical sheets of ice are pushed to-
gether at constant speed. The range of outcomes found in the
simulations shows that the thickness inhomogeneity of the ice
sheets is an important parameter governing the likelihood of
ridging and rafting along with the ice thickness and the elastic
modulus identified by Parmerter [1975]. Thickness inhomoge-
neity was implemented in the computer model by using model
ice sheets composed of fixed fractions of two ice thicknesses. A
range of inhomogeneity was obtained by varying the ratio of
the thickness of the thinner ice to the thicker ice from 2/8 to 8/8

(uniform ice) in seven steps. The simulations also show that the
rafting and ridging process is not dependent on initial condi-
tions. The alignment of the leading ends of the sheets changes
continually due to rubble buildup beneath the ice sheets. This
makes possible rafting between thick sheets and also means
that rafting and ridging can alternate.

The results of the computer simulations were compared with
the results of similar, three-dimensional physical experiments
for a single average ice thickness and thickness ratio. All of the
simulations and all but one of the experiments resulted in
ridging. The comparison showed that the average simulation
forces underestimated the average experimental forces by ;50%.
The difference is most likely due to the two dimensionality of the
computer model. Although the average simulation forces were
significantly lower than the experimental forces, both sets of
forces lay within the envelope defined by the graph of the rafting
force versus ice sheet displacement. The results of this compari-
son, together with the results of further simulations, suggest that
the rafting force is the upper bound on the ridging force for
ridging that takes place between ice sheets of similar thickness.

Further simulations were performed with the computer
model using model ice sheets of various thicknesses and de-
grees of thickness inhomogeneity to assess qualitatively the
effect of thickness inhomogeneity on the ridging/rafting pro-
cess. The simulations showed that ridging predominates at the
low or inhomogeneous end of the thickness ratio and rafting
predominates at the high or homogeneous end of the ratio.
Mixed ridging and rafting behavior occurred in the region
between the two extremes. Graphs of force versus displace-
ment and work versus displacement were both found to in-
crease with the thickness ratio. The progressive increase of
force and work caused by increasing the thickness ratio points
to a region of smooth transition from ridging to rafting. In the
transitional region force and work increase with the thickness
ratio because (1) rafting forces are higher than ridging forces
and (2) the probability of rafting increases.

The outcomes of the simulations exhibit varying mixtures of
rafting and ridging behavior, across the parameter space of

Figure 11. Nondimensional work versus nondimensional dis-
placement from simulations in which the major thickness h1 is
held constant while the thickness ratio is varied from 2/8 to 8/8.

Figure 12. Contour plot of non-dimensional work W* as a
function of the major ice thickness h1 and the thickness ratio
h2/h1 at a nondimensional displacement of D* 5 15.

Figure 13. The ratio of work to potential energy as a func-
tion of the major ice thickness h1 and the thickness ratio h2/h1
at a nondimensional displacement of D* 5 15.
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thickness and inhomogeneity. They range from simple rafting
where there are just two layers of ice (Figure 6) to multiple
layering to layering with some rubble creation (Figure 8) to
ridging with some layering to pure ridging (Figure 7). In the
transitional region between pure rafting and ridging, it is im-
possible to divide a mixed outcome into a ridging part and a
rafting part. Therefore there is no basis for calculating a mean-
ingful probability of ridging or rafting. The alternative is, as we
do here, to characterize transitional behavior in terms of some
measure of the process such as energy consumption.
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